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Abstract
Suppose G is a graph and T is a set of nonnegative integers that contains 0. A T -coloring of G is a nonnegative integer function
f defined on V (G) such that | f (x) − f (y)| ∈ T whenever xy ∈ E(G). The edge span of a T -coloring is the maximum value of
| f (x) − f (y)| over all edges xy, and the T -edge span of G, espT (G), is the minimum edge span over all T -colorings of G. In
this work, we continue to study the T -edge span of the dth power of the n-cycle Cn , Cdn , for T = {0, 1, 2, . . . , k − 1}, prove that
the condition gcd(n, d + 1) = 1 in the upper bound theorem provided by Hu, Juan and Chang is not necessary, give another lower
bound, and find the exact value of espT (Cdn ) for m ≥ tk where n = m(d + 1) + r and r = ml + t with m ≥ 2, 0 ≤ r ≤ d , 0 ≤ l
and 0 ≤ t ≤ m − 1.
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1. Introduction
T -colorings of graphs, first introduced by Hale [3], arose in connection with the channel assignment problem in
communications. In this problem, there are n transmitters x1, x2, . . . , xn situated in a region. We wish to assign to
each transmitter x a frequency f (x) over which it can operate. Some transmitters can interfere for some reasons.
To avoid interference, two interfering transmitters must be assigned frequencies such that the absolute difference of
their frequencies does not belong to the forbidden set of nonnegative integers. The objective is to make a frequency
assignment that is efficient according to certain criteria and satisfies the above constraint.
Hale’s graph-theoretic formulation of the channel assignment problem is as follows. Let V be the set of transmitters
{x1, x2, . . . , xn} and G be a graph in which V (G) = V and there is an edge between transmitters xi and x j if and only
if they interfere. Let T be a subset of the nonnegative integers, containing 0, which represents the forbidden set. Such
a T will be called a T -set. For a given graph G and a T -set T , a T -coloring of G is a function f from V (G) to the set
of nonnegative integers such that
xy ∈ E(G) ⇒ | f (x) − f (y)| ∈ T .
For the case when T = {0}, the T -coloring is the ordinary vertex coloring.
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Given a graph G and a T -set T , it is easy to see that a T -coloring of G always exists, but it will not necessarily be
efficient in some criteria. In channel assignment, the objective is to allocate the channels efficiently. Next, we present
three criteria that are important for measuring the efficiency of T -colorings.
Cozzens and Roberts [1] introduced the following definitions and notations. Given a graph G and a T -set T , the
order of a T -coloring f of G is the number of distinct values of f (x), x ∈ V (G). The span of a T -coloring f of G,
sp fT (G), equals max | f (x)− f (y)|, where the maximum is taken over all vertices x, y ∈ V (G). Finally, the edge span
of a T -coloring f of G, esp fT (G), equals max | f (x)− f (y)|, where the maximum is taken over all edges xy ∈ E(G).
The minimum order, minimum span, minimum edge span, where the minimum is taken over all T -colorings of G, are
called the T -chromatic number, T -span, T -edge span of G and denoted by χT (G), spT (G), and espT (G), respectively.
Cozzens and Roberts [1] showed that the T -chromatic number χT (G) is equal to the chromatic number χ(G),
which is the minimum number of colors needed to color the vertices of G so that adjacent vertices have different
colors. The parameter T -span for graphs has been studied extensively; for a good survey, see [8]; for recent results,
see [2,6,7,9]. However, compared to the T -span case, there are relatively few known results concerning the T -edge
span of graphs; see [1,4,5].
Cozzens and Roberts [1] raised the problem of computing non-perfect graphs where T = {0, 1, 2, . . . , k − 1}. Liu
[5] studied this problem for odd cycles. Hu, Juan and Chang [4] studied this problem for Cdn , the dth power of the
n-cycle. The graph Cdn has the vertex set V (Cdn ) = {v1, v2, . . . , vn} and the edge set
E(Cdn ) =
⋃
1≤i≤n−1
{viv j | j = i + 1, i + 2, . . . , i + d},
where the index j for v j is taken modulo n. They found the exact value of espT (Cdn ) for n = 0 or 1 (mod d + 1), and
lower and upper bounds for other cases.
It is obvious that Cdn ∼= Kn for d ≥ 
 n2  and espT (Kn) = spT (Kn) = k(n − 1). So throughout this work we just
consider Cdn for d ≤ 
 n2  − 1 and suppose n = m(d + 1) + r , in which m ≥ 2 and 0 ≤ r ≤ d . In this work, we
continue to study the edge span of Cdn . In Section 2, we prove that the condition gcd(n, d +1) = 1 in Theorem 6 of [4]
provided by Hu, Juan and Chang can be deleted. In Section 3, we give another lower bound of espT (Cdn ). In Section 4,
we end this work by providing the exact value of espT (Cdn ) for m ≥ tk where n = m(d + 1) + r and r = ml + t with
m ≥ 2, 0 ≤ r ≤ d , 0 ≤ l and 0 ≤ t ≤ m − 1.
2. Upper bound
For the upper bound of the espT (Cdn ), Hu, Juan and Chang have provided the following two theorems.
Theorem 2.1 (Hu et al. [4]). If n = m(d + 1) + r with m ≥ 2 and 0 ≤ r ≤ d, then dk ≤ espT (Cdn ) ≤ spT (Cdn ) =
dk +  r
m
k.
Theorem 2.2 (Hu et al. [4]). Suppose n = m(d + 1) + r with m ≥ 2 and 0 ≤ r ≤ d. If gcd(n, d + 1) = 1, then
espT (Cdn ) ≤ dk +  rkm .
Now we directly construct a T -coloring of Cdn and prove that the condition gcd(n, d +1) = 1 in the upper theorem
can be omitted.
Theorem 2.3. If n = m(d + 1) + r with m ≥ 2 and 0 ≤ r ≤ d, then espT (Cdn ) ≤ dk +  rkm .
Proof. We consider V (Cdn ) as {v1, v2, . . . , vn} in counter-clockwise order. Since n =
∑m−1
i=0  n−im , we may partition
{v1, v2, . . . , vn} into m parts, and the pth part includes  n−p+1m  vertices where 1 ≤ p ≤ m. Thus for any vertex
v j ( j = 1, 2, . . . , n), there is a unique position (p j , q j ) corresponding to it, in which p j denotes the order number of
the part that v j belongs to, and q j denotes the order number of v j in the part p j , 1 ≤ p j ≤ m, 1 ≤ q j ≤  n−p j +1m .
Note that the order of the m parts and the orders of the vertices in each part are all counter-clockwise. The following
equation gives a functional relationship j = ϕ(p j , q j ) between j and (p j , q j ):
j = ϕ(p j , q j ) = (p j − 1)(d + 1) +
p j−2∑
i=0
⌈
r − i
m
⌉
+ q j , j = 1, 2, . . . , n. (1)
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Fig. 1. T = {0, 1, 2, 3, 4}, a T -coloring for graph C314.
Table 1
T = {0, 1, 2, 3, 4}, a labeling scheme for V (C314)
Vertex v1 v2 v3 v4 v5 v6 v7 v8 v9 v10 v11 v12 v13 v14
Part First Second Third
tp j 0 1 2
(p j , q j ) (1, 1) (1, 2) (1, 3) (1, 4) (1, 5) (2, 1) (2, 2) (2, 3) (2, 4) (2, 5) (3, 1) (3, 2) (3, 3) (3, 4)
f (v j ) 0 5 10 15 20 1 6 11 16 21 2 7 12 17
Note, throughout the work, that if t < 0, then we let
∑t
i=0 si = 0. Now we consider the function f from V (Cdn ) to
the set of nonnegative integers given by
f (v j ) = (q j − 1)k + tp j , (2)
in which
tp j = max

0,
p j −2∑
i=0
(⌈
r − i
m
⌉
k −
⌈
rk
m
⌉)
 , j = 1, 2, . . . , n. (3)
The following example shows the details of the labeling scheme mentioned above.
Example. Let T = {0, 1, 2, 3, 4}. We consider the T -coloring of graph C314. We know that n = 14, d = 3 and k = 5.
Furthermore, it is not difficult to see that m = 3 and r = 2. Table 1 provides the values of tp j , (p j , q j ) and f (v j ),
j = 1, 2, . . . , 14, and Fig. 1 a T -coloring of graph C314.
In the following we show that k ≤ | f (vx ) − f (vy)| ≤ dk +  rkm  for any edge vxvy ∈ E(Cdn ), implying that f is a
T -coloring of Cdn and espT (Cdn ) ≤ dk +  rkm . For short, let a j =  r−p j +2m , and si =  r−im k −  rkm .
For any edge vxvy ∈ E(Cdn ), we consider the following two cases:
Case 1. px = py, i.e., vx , vy are in the same part.
By (2), | f (vx ) − f (vy)| = |(qx − 1)k + tpx − (qy − 1)k − tpy | = |qx − qy|k ≥ k, and | f (vx ) − f (vy)| =
|qx − qy|k ≤ dk ≤ dk +  rkm . Then k ≤ | f (vx) − f (vy)| ≤ dk +  rkm .
Case 2. px = py, i.e., vx , vy are not in the same part.
It is easy to see that px = py + 1 (mod m) or py = px + 1 (mod m), say, px = py + 1 (mod m). In the case,
1 ≤ x − y ≤ d (mod n) is obvious. So in the following, we take modulo m for px − py and modulo n for x − y. By (2),
f (vx ) − f (vy) = (qx − qy)k + tpx − tpy . (4)
Since x − y = ϕ(px , qx) − ϕ(py, qy) = (px − py)(d + 1) + ax + (qx − qy) = (d + 1) + ax + (qx − qy), we
have qx − qy = (x − y) − (d + 1) − ax ≥ 1 − (d + 1) − ax = −d − ax , and qx − qy = (x − y) − (d + 1) − ax ≤
d − (d + 1) − ax = −1 − ax . So we have
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qx − qy ≥ −d − ax , (5)
and
qx − qy ≤ −1 − ax . (6)
Since { r−i
m
k −  rk
m
} decreases monotonically, then by (3), tp j ≥ 0 and
tp j ≥
p j −2∑
i=0
si ≥ a j k −
⌈
rk
m
⌉
. (7)
We first show f (vx )− f (vy) ≤ −k. If tpx = 0, by (4) and (6), f (vx )− f (vy) = (qx − qy)k − tpy ≤ (qx − qy)k ≤
−k−axk ≤ −k. If tpx > 0, by (4), (6) and (7), f (vx )− f (vy) = (qx −qy)k+tpx −tpy = (qx −qy)k+
∑px−2
i=0 si −tpy ≤
−k − axk +∑px−2i=0 si −∑py−2i=0 si = −k −  rkm  ≤ −k.
Next we show f (vx)− f (vy) ≥ −dk− rkm . If tpy = 0, then by (4), (5) and (7), f (vx )− f (vy) = (qx−qy)k+tpx ≥
−dk −axk +axk − rkm  = −dk − rkm . If tpy > 0, then by (4), (5) and (7), f (vx )− f (vy) = (qx −qy)k + tpx − tpy =
(qx − qy)k + tpx −
∑py−2
i=0 si ≥ −dk − axk +
∑px−2
i=0 si −
∑py−2
i=0 si = −dk −  rkm .
So we have k ≤ | f (vx ) − f (vy)| ≤ dk +  rkm .
Combining Cases 1 and 2, we know that k ≤ | f (vx ) − f (vy)| ≤ dk +  rkm  when n = m(d + 1) + r with m ≥ 2
and 0 ≤ r ≤ d , implying that f is a T -coloring of Cdn and espT (Cdn ) ≤ dk +  rkm . The proof is complete. 
3. Lower bound
Even though Theorem 2.1 shows us a lower bound of espT (Cdn ), Hu, Juan and Chang also got one, a better one,
in [4].
Theorem 3.1 (Hu et al. [4]). If n = m(d + 1) + r with m ≥ 2 and 0 ≤ r ≤ d, then espT (Cdn ) ≥ dk +  km .
In the following, we will show another lower bound of espT (Cdn ) and a much better lower bound for some special
cases. We call f a minimal T -coloring of Cdn if esp fT (Cdn ) = espT (Cdn ) and there is no other T -coloring g of Cdn such
that g(vi ) ≤ f (vi ), i = 1, 2, . . . , n, and g(vi ) < f (vi ) is preserved for at least one i ∈ {1, 2, . . . , n}.
Theorem 3.2. If n = m(d + 1) + r with m ≥ 2 and 0 ≤ r ≤ d, then espT (Cdn ) > (d − 1)k +  rm k.
Proof. Let f be a minimal T -coloring of Cdn and M = maxv∈V (Cdn ) f (v). By Theorem 2.1, M ≥ spT (Cdn ) =
dk +  r
m
k. In the following we prove M < espT (Cdn ) + k. If otherwise, we suppose M ≥ espT (Cdn ) + k, and
let
g(v) =
{ f (v), if f (v) = M,
M − espT (Cdn ) − k, if f (v) = M.
Then it is easy to see that g is also a T -coloring of Cdn and g(vi ) ≤ f (vi ), i = 1, 2, . . . , n, and g(v) < f (v) when
f (v) = M , which is a contradiction to f being a minimal T -coloring of Cdn . Hence M < espT (Cdn ) + k and we have
dk +  r
m
k ≤ M < espT (Cdn ) + k, implying espT (Cdn ) > (d − 1)k +  rm k. 
Corollary 3.3. Let n = m(d + 1) + r with m ≥ 2 and 0 ≤ r ≤ d, where r = ml + t and 0 ≤ l, 0 ≤ t ≤ m − 1. If
m ≥ tk, then espT (Cdn ) ≥ dk +  rkm .
Proof. By Theorem 3.2, espT (Cdn ) > (d − 1)k +  rm k = (d − 1)k + ml+tm k = (d − 1)k + (l + 1)k = dk + lk. So
espT (Cdn ) ≥ dk + lk + 1 = dk + lk +  tkm  = dk + lk + tkm  = dk +  rkm . The proof is complete. 
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4. Conclusions
This work mainly shows that if n = m(d +1)+r with m ≥ 2 and 0 ≤ r ≤ d , then dk+ rk
m
 is a better upper bound
for espT (Cdn ) without any additional condition, and that (d − 1)k +  rm k + 1 is another lower bound of espT (Cdn ).
By Theorem 2.3 and Corollary 3.3, we immediately have the following theorem.
Theorem 4.1. Let n = m(d + 1) + r with m ≥ 2 and 0 ≤ r ≤ d, where r = ml + t and 0 ≤ l, 0 ≤ t ≤ m − 1. If
m ≥ tk, then espT (Cdn ) = dk +  rkm .
At the end of this work, we conjecture that espT (Cdn ) = dk +  rkm  for any n = m(d + 1) + r with m ≥ 2 and
0 ≤ r ≤ d .
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